ON THE STRANGE DUALITY CONJECTURE FOR ABELIAN 

SURFACES 



ALINA MARIAN AND DRAGOS OPREA 

Abstract. We study Le Potier's strange duality conjecture for moduli spaces of 
sheaves over generic abelian surfaces. We prove the isomorphism for abelian surfaces 
which are products of elliptic curves, when the moduli spaces consist of sheaves of 
equal ranks and fiber degree 1. The birational type of the moduli space of sheaves is 
also investigated. Generalizations to arbitrary product elliptic surfaces are given. 



1. Introduction 

There are three versions of Le Potier's strange duality conjecture for abelian surfaces, 
formulated and supported numerically in [M02]. In this article, we confirm two of them 
for product abelian surfaces. This establishes the conjecture over an open subset in the 
moduli space of polarized abelian surfaces. 

1.1. The strange duality morphism. To set the stage, let (X,H) be a polarized 
complex abelian surface. For a coherent sheaf V — > X, denote by 

v = chV € H*(X,Z) 

its Mukai vector. Fix two Mukai vectors v and w such that the orthogonality condition 

x (v -w) = Q 

holds. We consider the two moduli spaces 971+ and of ii~-semistable sheaves of type 
v and w with fixed determinant. They carry two determinant line bundles 

whose global sections we seek to relate. 

More precisely, according to Le Potier's strange duality conjecture |LPj |MQ2j . if the 
condition 

cx(y ■ w) ■ H > 

is satisfied, the jumping locus 

&iw = {(v, w) ■. h\v ® w) + o} c an+ x ml 

i 
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is expected to be a divisor. Further, its defining equation is a section of the split bundle 

@ w m e v ^ mt x 

conjecturally inducing an isomorphism 

D+ : H°(Wlt, O w ) v ->• F°(9JT+, e„). 
This expectation is supported numerically: it was established in [MO 2] that 

x(an+ q w ) = x (mt+ e w ) = t dw ) , 

a v + d w V "u / 

where L + is a line bundle on X with 

ci(L + ) = c\(v ■ w) 

and 

d v = - dim9Jt+, d w = - dim9JT+. 

Similarly, letting and Wl~ denote the moduli spaces of sheaves with fixed deter- 
minant of their Fourier- Mukai transforms, we have the symmetry 

X(X,L~) (d v + d u 



Cly ~~J~ \ C^V 

where L~ is a line bundle on X with 

ci(L~) = a(v-w), 
the hats denoting the Fourier-Mukai transforms. The map 

D~ : H°(Tl~ ,Q W ) V ->■ H°(Wl~,Q v ) 
induced by the theta divisor @~ w C 9Jt~ x 9Jt~ is expected to be an isomorphism. 

1.2. Results. We will establish the isomorphisms for abelian surfaces which split as 
products of elliptic curves 

X = B x F. 

We regard X as a trivial fibration ttb ■ X — > i?, and write cr and / for the class of the 
zero section and of the fiber over zero. We assume that the polarization H is suitable in 
the sense of [F] i.e. 

H = a + Nf, for N > 0. 

Over simply connected elliptic surfaces, for coprime rank and fiber degree, the moduli 
space of sheaves is birational to the Hilbert scheme of points, as shown by Bridgeland 
[B] , For sheaves with fixed determinant, the situation is subtler over elliptic abelian 
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surfaces. A refinement of Bridgeland's argument, using a Fourier-Mukai transform with 
kernel given by a universal Atiyah bundle, allows us to prove the following result. 

Theorem 1. Let X = B x F be a product abelian surface, and let v be a Mukai vector 
such that the rank r and the fiber degree d = c\(v) ■ f are coprime. Then, the moduli 
space dJly is birational to 

X+ = {{Z, b) : a B {Z) = rb} C x B, 

where as denotes the addition over the base elliptic curve B. 

A similar statement holds for the moduli space 97T~. By contrast, the generalized Kummer 
variety K v associated to the higher rank vectors is birational to the Kummer variety in 
rank 1, as noted in [T]. This fact is recovered in two ways while establishing Theorem [TJ 
The following two theorems capture our main results concerning strange duality. 

Theorem 2. Let X = B x F be a product abelian surface. Let v and w be two orthogonal 
Mukai vectors of equal ranks r > 3, with 

ci{v) ■ f = ci(w) • / = 1. 

Then, 

d+ : H°(wxt, e w ) v -> H°(m+, e„) 

is an isomorphism. 
Similarly, we show 

Theorem 3. Let X = B x F be a product abelian surface. Assume v and w are two 
orthogonal Mukai vectors of ranks r, s > 3 and equal Euler characteristics X = x' > w ith 

ci{v) ■ f = ci(w) ■ f = 1. 

Then, 

d- : h°(m-, e lu ) v -> H\m~, e„) 

is an isomorphism. 

In particular, the theorems imply that 1 * 1 are divisors in the products 50tJ x 50?^. 

1.2.1. Higher genus. The requirement that B be elliptic can in fact be removed in The- 
orem [21 Indeed, consider C a smooth projective curve of genus g > 1, and let a denote 
the zero section of the trivial fibration 

X = C x F -> C. 

We show 
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Theorem 2 A. Assume that X = C x F is a product surface as above, and let v,w be 
orthogonal Mukai vectors of equal ranks r > g and r ^ 2, such that 

(i) the determinants are fixed of the form 

detv = 0{a) <g>4, detto = Q(a) <g> £ w , 

for generic line bundles £ v and l w of fixed degree over the curve C; 

(ii) dim + dim > 8r(g - 1). 

Then 

D+ : H°(Wlt, e w ) v -> H°(fXP+, e„) 

is an isomorphism. 

1.3. Comparison. Theorems [2] and [3] parallel the strange duality results for simply 
connected elliptic surfaces. Let 

vr : Y ->■ P 1 

be a simply connected elliptic fibration with a section and at worst irreducible nodal 
fibers. The dimension of the two complementary moduli spaces 9Jl v and $Jl w will be 
taken large enough compared to the constant 

A = X {Y, Oy) ■ ((r + s) 2 + (r + s) + 2) - 2(r + s). 

The polarization is still assumed suitable. The following was proved by combining |MOY| 
and [BH] : 

Theorem. Lei t> anrf io be two orthogonal topological types of rank r,s > 3, such that 

(i) i/te /i6er degrees c\{v) ■ f = c\(w) ■ f = 1, 

(ii) dim Wl v + dim Wl w > A. 

Then, 

D : H°(Wl v , Q w ) v -> iJ°(Q3t w , 8„) 

is an isomorphism. 

We suspect that an analogous statement can be made for all (not necessarily simply 
connected, with possibly reducible fibers) elliptic surfaces Y — > C, going beyond the 
scope of Theorems [2] and 2A. 

The results for simply connected fibrations and abelian surfaces both rely on Fourier- 
Mukai techniques, but the geometry is more involved in the abelian case, as already 
illustrated by the birationality statement of Theorem [TJ Via Fourier-Mukai, instead of a 
rather standard analysis of tautological line bundles over Hilbert scheme of points in the 
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simply connected case, one is led here to studying sections of suitable theta bundles over 
the schemes This requires new ideas. We prove the duality for spaces of sheaves of 
equal ranks and fiber degree 1, but believe these assumptions may be relaxed. The case 
r = s = 2 is also left out of our theorems: while the Fourier-Mukai arguments do not 
cover it, we believe strange duality holds here as well. 

1.4. Variation in moduli. Let Ad be the moduli space of pairs (X,H), where X is an 
abelian surface and H is an ample line bundle inducing a polarization of type (l,d) on 
X. For a Mukai vector v with 

ci(v) = ci(H), 
we consider the relative moduli space of sheaves 

vr : Wl[v] + — ► A d 

whose fiber over a surface (X, H) is the moduli space of ff-semistable sheaves with 
Mukai vector v and fixed determinant equal to H. Associated with two orthogonal 
Mukai vectors v and w, there is a universal canonical Theta divisor 

9+^ = {(X, H, V, W) : h\X, V ® W) + 0} C M[v] + x Ad Wl[w} + , 

giving rise to a line bundle which splits product 

et w = <3 W M 6, on M[v] + x Ad fm[w}+. 

Pushforward via the morphisms 

9%] + ->• A d , Wl[w] + A d 

yields two coherent sheaves of generalized theta functions over Ad, 

W = R°tt*G w , Y = R°it+G v . 

Let H C Ad be the Humbert surface parametrizing split abelian surfaces (X, H) with 

X = B x F and H = L B El L F , 

for line bundles Ls,Lp over B and F of degrees d and 1 respectively. 

Theorem [2] can be rephrased as the following generic strange duality statement: 

Theorem 2R. Assume v and w are orthogonal Mukai vectors of equal ranks r > 3 with 

(i) ciO) = d(w) = H; 

(ii) {v, v) > 2(r 2 + r - 1), {w, w) > 2(r 2 + r - 1). H 

^Assumption (ii) allows us to exchange H-stability with stability with respect to a suitable polar- 
ization, since in this case the ensuing moduli spaces agree in codimension 1. This was proved for KS 
surfaces in the appendix of [MOY] ■ The case of abelian surfaces follows by the same argument. 
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Then, the sheaves V and W are locally free when restricted to the Humbert surface Tl, 
and @+ w induces an isomorphism 

D : W v — ► V along U. 

1.5. Acknowledgements. The authors acknowledge support from the NSF via grants 
DMS 1001604 and DMS 1001486, and thank CRM Barcelona, MPI Bonn, and the Uni- 
versity of Bonn for their hospitality in the summer of 2012. 

2. Moduli spaces of sheaves of fiber degree 1 

2.1. Setting. We consider a complex abelian surface X which is a product of two elliptic 
curves, 

X ~B x F. 

Letting ob,o f denote the origins on B and F, we write a and / for the divisors B x of 
respectively ob x F in the product B x F. Note that 

a 2 = f 2 = 0, a-f = l. 

2.1.1. Line bundles over X . For any positive integers a and b, the line bundle O(ao~ + bf) 
on X is ample. Its higher cohomology vanishes, and we have 

(1) h°(X, 0(aa + bf)) = X (X, 0(aa + bf)) = ah. 
Letting 

■K B ■ X -> B, tt f : X -> F 
be the natural projections from X, we also note that for any £ > 0, 

(2) h (X,O(£a)) = h (X,ir F O(£o F )) = h (F,O(£o F )) = £, 
h°(X, 0{£f)) = h°(X, tt b O(£ob)) = h°(B, 0{£o B )) = t 

Thus every section of Ox{£f) corresponds to a divisor of the form 

I 

jzixF, for z\ H Yzi = o B . 

i=i 

Furthermore, equations (HJ and ([2]) imply that every section of the line bundle Ox(o~+£f) 
vanishes along a divisor of the form 

t 

er U | Zi x F, for z\ + • • • + = ob- 

i=i 
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2.1.2. Fourier-Mukai functors. Two different Fourier-Mukai transforms will be consid- 
ered on X. First, there is the Fourier-Mukai transform with respect to the standardly 
normalized Poincare bundle 

V ^ X xX. 

We identify X = X using the polarization ob x F + B x o F . Specifically, our (perhaps 
non-standard) sign choice is so that y = {ubiVf) £ X is viewed as a degree line bundle 
y — > X via the association 

y ' y B (yB - o B ) S F (y F - o F ). 
The Poincare bundle is given then by 

V^X xX, V = V B ^V F 

where 

Vb^BxB, V b = Obxb(Ab) ®p*0 B {-OB)®q k O B {-OB)i and 
Vf F x F, V f = FxF (A f ) p*0 F (-o F ) <g> q*0 F (-o F ). 
The Fourier-Mukai transform with kernel V is denoted 

RS : D(Jf) D(X). 

A second Fourier-Mukai transform is defined by considering the relative Picard variety 
of ttb '• X — y B. We identify F = F so that 

y F E F i-> F (y F - o F ), 

and we let 

R5 f : D(X) -)■ D(X) 
be the Fourier-Mukai transform whose kernel is the pullback of the Poincare sheaf 

V F ->■ F x F 

to the product XxbX = FxFxB. Both Fourier-Mukai transforms are known to be 
equivalences of derived categories. 

Several properties of the Fourier-Mukai will be used below. First, for integers a, b we 
have 

detRS(0(aa + &/)) = 0(-ba - af), 

and 

detRS\0(aa + bf)) = 0(-a + abf). 
Next, we have the following standard result, which will in fact be proved in greater 
generality in Lemma 1A of Section [3l 
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Lemma 1. For x = (xb,xf) 6 X, y = {vb^Uf) £ X, we have 

HS\t* x E) = t% B KS^(E) ® x F , 
TiS ] {E ®y) = t* yp RS\E) <g> y B . 

2.2. Moduli spaces of sheaves. We consider sheaves over X of Mukai vector v such 
that 

ranku = r, x (v) = X, ct(v) ■ f = I. 

We set 

dv = ^{v,v) = — rx, 

which is half the dimension of the moduli space 5D?+ below. Recall from the introduction 
that the polarization H is suitable i.e., 

H = a + Nf, for N > 0. 

We are concerned with three moduli spaces of sheaves: 

(i) The moduli space K v of ff-semistable sheaves V on X with 

detV = 0(a + mf), det RS(V) = 0(-ma - /). 

Thus the determinants of the sheaves and of the Fourier-Mukai transforms of 
sheaves in K v are fixed. Here, we wrote 

ci(v) = a + mf 

where 

m = d v + rx- 

(ii) The moduli space of .ff-semistable sheaves V on X with 

detF = 0(a + mf). 
The two spaces (i) and (ii) are related via the degree d\ etale morphism 

$+:K v xX-> $+(V, x) = i*^ ® £ det V" 1 ® det V. 

In explicit form, we write equivalently 

(3) $+(F,i)=t;/®(^B^) 

(iii) Finally, there is a moduli space 9K~ of semistable sheaves whose Fourier-Mukai 
transform has fixed determinant 

detRS(V) = 0(-f-ma). 
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In this case, we shall make use of the etale morphism 

*~ : K v <g> X TX-, ^~(V, y) = t\ yB>myF) V ® y*. 
Note that we have indeed 

det R5*-(V, J/) = det RS^,,^ (8 y*) = <*, det RS^^V) 

= t\ y det(R5(T/) ® (j/b, myp)- 1 ) = t* xy O(-f - ma) ® (y B , my F )" x 
= 0(-/-ma). 

For further details regarding the morphisms 3>~, we refer the reader to Sections 4 
and 5 of [MQ2] , 

2.3. Birationality of iiCy with the generalized Kummer variety K^K We now 

establish in two different ways an explicit birational map 

* r : K [d " ] — » K v , 
where is the generalized Kummer variety of dimension 2d v — 2, 

K [dv] = { Z e X [d " ] : a{Z) = 0}. 
As usual, a : X^- d "^ — > X denotes the addition map on the Hilbert scheme. 

2.3.1. O'Grady's construction. We first obtain the map \t r by induction on the rank r 
of the sheaves, following O'Grady's work |OG| for elliptically fibered K3 surfaces. To 
start the induction, we let Z C X be a zero dimensional subscheme of length 

£ = £(Z) = d v , 

such that a(Z) = 0, and further satisfying the following conditions: 

(i) Z does not contain two points in the same fiber of ttb, 

(ii) Z does not intersect the section a. 

Such a Z is a generic point in the generalized Kummer variety K^- dv \ We let 

mi = x + d v , 

which the correct number of fibers needed when r = 1, and set 

V 1 =I z ®0{a + m 1 f). 
Note that x(^i) = X-> an d that V\ thus constructed belongs to K v . The requirement 

detRSfVi) = O{-m l0 - - /), 
is a consequence of the fact that a(Z) = 0. 
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We claim that for Z as above we have 

(4) h^Vti-xf)) = h\lz ® 0(a + if)) = h\l z (a + if)) = 1. 

Indeed, as explained in Section |27T| every section of Oj((T + if) vanishes along a divisor 
of the form 

a + ir B (z\ + . . . ze) 

where z±, . . . ,zg are points of B such that Z\ + . . .+zg = ob- Conditions (i) and (ii) ensure 
that there is a unique such divisor passing through Z: z\, . . . , Z£ are the £> -coordinates 
of the distinct points of Z. 

We inductively construct extensions 

(5) -)• 0( X f) V r+ l -^V r ^0, 

with stable middle term. The sheaves obtained will satisfy 

X(V r (-Xf)) = 0. 

In order to get ([5]), we show 

ert\V r ,0(xf)) = h\V r {- X f)) = h°(V r (-xf)) = 1. 

For r = 1, the ext-dimension is 1 by Assuming the statement for r, we get the unique 
nontrivial extension, and argue for stability of the middle term V r +i. Indeed, Proposition 
1.4.7 of |OGj gives stability of the middle term and also asserts the restrictions of © 
to any fibers of tt do not split, if a suitable vanishing hypothesis holds. Precisely, we 
require that for all fibers f, we have 

(6) Hom(T/ r | f ,e> f ) = 0. 

The fiber restrictions are calculated as in Lemma 1 in |MOY| as follows: 

(i) the restriction of the defining exact sequence to any fiber yields 

o^o fv ^v r+l \ fv ^v r \ fv ^o. 

Hence inductively, for fibers avoiding Z, we have that 

(7) V r \f v = E r>0 , 

the Atiyah bundle of rank r and determinant Of v (o). 

(ii) for fibers f z containing points z € Z we have 

(8) V r \f t = Er- 1>s ®O fl (o-z). 
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As a consequence of equations ((JJ) and dHJ), the vanishing ([6]) stated above is satisfied. 

To complete the argument, we establish now that there exists a unique extension ([5]) 
for r + 1 i.e., we show h l (V r+ i{— xf)) = 1- First, stability of V r and V^+i ensures that 

H\V T {- X f)) = H\V r+l {-xf)) = 0, 

and the cohomology exact sequence of the unique extension for r is 

_> H (O) -> H°(V r+1 (- X f)) -> H°(V r (- X f)) -> 

ff^K+iC-x/)) -»> ^(^(-x/)) -> # 2 (0) -»• o. 

By dimension counting, the last map has to be a bijection, hence — > H 1 (V r +i(— xf)) 
is surjective. We claim this map cannot be a bijection. Indeed, if H l {0) — > H l {V r+ \{— xf)) 
were bijective, we would have that 

H (V r (-xf))^H\O) 

is the zero map. But this map is simply multiplication by the extension class which is 
nontrivial. Since h°(V r +i(— xf)) ^ 1 from the same sequence, and H°(V r +i(— xf)) = 
H 1 (V r +i(— xf)): we conclude both vector spaces are of dimension 1, as needed. 

Finally, the argument clearly shows that the map ^ r is injective. Therefore, we obtain 
a birational map 

^ r : K [d " ] — * K v , 
by the equality of dimensions for the two irreducible spaces. 

2.3.2. Fourier-Mukai construction. We next point out that fy r can also be viewed as a 
fiberwise Fourier-Mukai transform. This is similar to the case of K3 surfaces analyzed 
in |MOYj . We show 

Proposition 1. For subschemes Z with a(Z) = 0, satisfying (i) and (ii), we have 

KS\V^)=I^ra- X f)[-l] 

and 

RS\V r )=I%(-ra + X f), 
where Z is the reflection of Z along the zero section a. 

Proof. We prove the first equality. By the calculation of the restrictions of V r to the fibers 
in equations (|7|) and ©, it follows that contains no subbundles of positive degree 
over each fiber. Therefore, R5^(Vp / )[l] is torsion free, by Proposition 3.7 of |BHj . The 
agreement of R5^(VJ. V )[1] and I^(ra — xf) holds fiberwise. This can be seen using ([7]) 
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and (jHJ), just as in Proposition 1 in |MOY] . The proof is completed by proving equality 
of determinants. In turn, this follows inductively from the exact sequence ([5]): 

detRSt(T/v x ) = detRS^y/) <g> detR«S t (C»(-x/)) = detRS^V^) <g> 0(-o). 
The base case r = 1 is immediate, as 

detRS^i^-a - mi/)) = detR5 t (C(-CT - mi/)) ® z£Z det(R5 t (C^)) v 
= (-a + mi/) ® zez det(R5t(a[-2])) v = 0(-a + m x f) ® zeZ 0(-f g ) 
= (-a + mi/) ® O(-if) = 0(-a + X f), 

using that a(Z) = 0. Here f z denotes the fiber through z € Z. A similar calculation can 
be carried out for the Fourier-Mukai with kernel V v . 

The second statement follows then by Grothendieck duality. We refer the reader to 
Proposition 2 in jMOYj for an identical computation. 

□ 

Proposition [pj gives an explicit description of O'Grady's construction in terms of the 
Fourier-Mukai transform, at least away from the divisors (i) and (ii). Explicitly, under 
the correspondence 

K^3Z^Iz(ra- X f)[-l], 
the birational map ^ r : —* K v is given by the inverse of R<S^ , followed by dualizing 

However, viewed as a Fourier-Mukai transform, $ r extends to an isomorphism in codi- 
mension 1, whenever r > 3. This is established in Sections 3 and 5 of |BH| on general 
grounds, but can also be argued directly. 

Indeed, the inverse of R5 1 " is, up to shifts, the Fourier-Mukai transform with kernel 
the dual 'Kf x f'Pf v of the fiberwise Poincare line bundle onlxgl^FxfxB. We 
claim that as long as r > 3 and Z contains no more than two points in the same fiber of 

ir B : X ^ B, 

the Fourier-Mukai image of the sheaf Iz(rcr — xf) is a vector bundle. Stability is auto- 
matic, as the restrictions to all elliptic fibers which do not pass through Z are isomorphic 
to the Atiyah bundle of rank r and degree 1, therefore the restriction to the generic fiber 
is stable. The locus of Z E with at least 3 points in the same elliptic fiber has 

codimension 2. 
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To see the claim above, note that the restriction of the ideal sheaf of a point to the 
elliptic fiber f through that point is 

I p \ f = O f (-p) + O p , 

and similarly 

ipA = o f (- P -p') + o p + o pl , 

for (possibly coincident) points p,p' in the fiber f. Thus, the restriction of Iz(rcr — xf) 
to fibers f can take the form 

Of (ro F ), O f (ro F ) ® (O f (-p) + O p ) or O f (ro F ) ® (O f (-p - p') + O p + O pl ) 

which are all ITq with respect to Vp, for r > 3. Thus the Fourier-Mukai transform 
(R5^) _1 of Iz(ra — %/)[— 1] is a vector bundle by cohomology and base-change. 

When r = 2, ^2 is defined away from the divisor of subschemes Z € with at 

least two points in the same elliptic fiber. As and K v are irreducible holomorphic 

symplectic, Vl^ extends anyway to a birational map which is regular outside of codimen- 
sion 2, but this extension is no longer identical to the Fourier-Mukai transform. In fact, 
semistable reduction is necessary to construct the extension, as in Section I A of |OG] , 
We will not pursue it in this paper. 

2.4. The moduli space 9Jt+ via Fourier-Mukai. We investigate how sheaves of fixed 
determinant change under Fourier-Mukai. Recall the morphism ©, and let 

V = *+(E, x), 

for a pair (E, x) G K v x X. Using Lemma [T] and Proposition [TJ we calculate 
R£i(V) = RSi(t* rx E®(x r g^x F )) = t* F RS\t* x E)®x r g 
= t XF (t* rXB RSt(E)® X F r )®x% 
= t XF+rXB {I v z (-ra + X f)) ® (x F r H xg) 

where 

Z + = t Xp+rXg Z, so that clb{Z + ) = —d v rxB- 
In a similar fashion, we prove that 

R5t(y v ) = l z+ (ra - x f)[-l] ® x B d \ 

where now 

Z+ ~ t-x F +rx B Z = Z + . 
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From the first equation, we obtain the rational map 

R5 f : K v X X — > £+ 

where 

3Lt = {{Z + , z B ) : a B {Z+) = rz B ) C x B 

via the assignment 

(E,x) i-> (Z + , -d v x B )- 
This map has degree and descends to Since is also of degree df, and is 

irreducible of the same dimension as 9Jt^~, we obtain a birational isomorphism 

in such a fashion that 

R5t(y) = /^ + (-m + X /)®% 1 

and 

R5t(F v ) = J~(r<7 - x/) ® 2fl[-l]. 
The discussion of the previous subsection shows the birational isomorphism is given 
(explicitly as a Fourier-Mukai transform) away from codimension 2. 

2.5. The moduli space 9JT~ via Fourier-Mukai. A similar argument applies to the 
moduli space 9JT~ of sheaves with fixed determinant of their Fourier-Mukai transform 

detRS(F) = 0(-f -ma). 

In this case, we have a morphism 

: K v (g> X -> Stf- 

given by 

$-(E,y)=^ s>m2/F)J E;®^. 

We calculate 

RSt(^(£, y )) = R5t(^ B/myF) ^®^) = ^ F R5t(^ flim?/F)J E)0^ 
= tl yF {tl B KS\E)®y- F m )®yl 

= t *y B +xvA I z(-™ + xf))®{yF m ®yB) 

= I^{-ra + X f)®y- F d " 

where Z~ = ty B + XVF Z, so that the addition in the fibers is clf(Z~) = —x^vVf- We 
therefore obtain the birational isomorphism 
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where 

X- = {(Z~,z F ) : a F (Z~) = X z F } ^ * W x F. 
For further use, we record the following identities 

-Rtf{V) = ll-{-ra + xf)®z F , HS\V y ) = I~(ra - x f) ® z F [-l]. 

3. Rank-coprime arbitrary fiber degree 

Theorem Q] was proved in the previous Section for fiber degree 1 in two ways: via an 
explicit analysis of O'Grady's description of the moduli space, and via Fourier-Mukai 
methods. In this section, we use Fourier-Mukai to prove Theorem [1] for arbitrary fiber 
degree. The argument builds on results of Bridgeland [B] . At the end of the section, we 
briefly consider the case of a surface X = C x F with F elliptic, but C of higher genus. 

3.1. Fourier-Mukai transforms in the general coprime setting. We write 

d = ci(v) ■ f 

for the fiber degree, which we assume to be coprime to the rank r. Thus c\{v) = da+mf. 
Pick integers a and b such that 

ad + br = 1, 

with < a < r. The following lemma gives the kernel of the Fourier-Mukai transform 
we will use: 

Lemma 2. There exists a vector bundle 

U ^F xF 

with the following properties: 

(i) the restriction ofU to F x {y} is stable of rank a and degree b; 

(ii) the restriction of hi to {x} x F is stable of rank a and degree r. 

Furthermore, 

a{U) = b[o F x F] + r[F x o F ] + ct(T F ). 

Proof. This result is known, see for instance [Bj, and can be explained in several ways. 
We consider the moduli space M F (a,b) of bundles of rank a and degree b over F. By 
the classic result of Atiyah pQ, we have 

M F (a,b) ^ F. 

We let 

U -> F x F 
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denote the universal bundle. Therefore, for all y 6 F, we have that U\exu has rank a 
and degree b; in fact the determinant equals F ((b — I) ■ of + y)- The bundle U is not 
unique and we can normalize it in several ways. Indeed, for any matrix 

A a 



A 



€ SL 2 (Z), 



fi b 

we may assume that U\ xxF has type (a, A). In fact, we can regard the first factor F as 
the moduli space of bundles of rank a and degree A over the second factor F, cf. [B] , 
We may pick the pair A = r and [i = —d. What we showed above allows us to conclude 
c\{U) = b[oF x F] +r[F x o F ] + c\{V F ). Replacing W by a suitable twist, we may in fact 
achieve 

det U = 0{b[o F x F] + r[F x o F }) <g> V F . 
The lemma is proved. □ 

Lemma 3. The sheaf U — > F x F is semihomogeneous. More precisely, 
(9) l \x,y) U = U ® 1Ti{x~ayi) ® vr^x-y"-). 

In particular, 

chU = aexp f^^J => X(^) = -d. 
Proof. By symmetry it suffices to argue that 



b 



We note that the choice of roots for the line bundles on the right hand side is not relevant. 
The restrictions of both sides to F x {y} agree: U y = U\ Fx ^yy is stable on F, and thus 
semihomogeneous, satisfying 

_b 

t* x Uy=Uy®X a. 

We check agreement over o F x F. This is the statement that 

i 

U\ xxF = U\ oxF <g> Xa 

which holds by comparing ranks and determinants. Finally, agreement over FxF follows 
from the generalized see-saw Lemma 2.5 of Ramanan [Rj . 

The second part of the lemma concerning the numerical invariants of U follows from 
general facts about semihomogeneous bundles [Mj. □ 

Remark 1. A family of semihomogeneous bundles with fixed numerical invariants were 
constructed in arbitrary dimension in [D], and played a role in the decomposition of the 
Verlinde bundles. The dimension 1 case specializes to the bundle U considered here. 
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Letting itf-xF ■ F x F x B — > F x F be the projection, we consider the Fourier-Mukai 
transform 

R5 f : Dpf) B(X) 

with kernel 

7r FxF U -^FxFxB^Xx b X. 

It follows from [B] that the kernel U is strongly simple over each factor, hence the 
Fourier-Mukai transform R<S^ is an equivalence, with inverse having kernel ir FxF U y [l\. 

Lemma 1A. 

KS\E ®y) = t* yw RS\E) ® (y B B yJO, 
B£*(t x E) = t* B+bXF B£^E) ® x^. 

Proof. For both formulas, it is enough to consider the case of split sheaves 

E = GMH, 

where G, H are sheaves over B and F §. Clearly, 

RST (E) = GM R7T 2 * (rf[H®U), 

while 

RcS^^y) = (G ® ^ Rvi"2*(vr*(^r ® yp) (g> U). 
For the first formula, it suffices now to explain that 
(10) YlK 2 ^\(H®y F )®U) = e ayF YlK 2i <{K\H®U)®y F . 

This is however clear since from Q, 

U <8> tt^f = t\^ ayF) U ® Ti\y T F . 
We now explain the second formula by assuming as before that E splits. We calculate 

Rs\e x E) = Rsi(t* XB G®t* XF H) = e XB Gmn^\t% F H ®u). 

It remains to argue that 

Rn 2 *(iT$t* XF H®U) = ti XF R-K 2 *{n\H ® U) ® 

Indeed, ([9]) gives 

^ F ,0)^ = U ® 7T l x F a ^ 

2 Indeed, both left and right hand sides of the equalities claimed by the Lemma are Fourier-Mukai 
equivalences (note that translations and tensorization are particular examples of Fourier-Mukai trans- 
forms, and composition of Fourier-Mukai transforms is one as well). Taking inverses, it suffices to prove 
that if a Fourier-Mukai equivalence is the identity over split sheaves of the type G E3 H , then it is always 
the identity. But this is clear, as one proves that the kernel of such a transform is the structure sheaf of 
the diagonal. 
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so we calculate 



Kir 2 ^4 F H ®U) = Rvr 2 * (fi^ffiH ® U) ® 7rjac| ® tt^f" ) 

= Rtt 2 * ^ F>0 ) ® si) ® (8 

= Rvr 2 ^ ® xf,) ® ^ ® cc^" 

= tl XF K%2*{^l{H) ® W) ® xfrr/ (using flUJJ) 

= t^R7ra*(7rJ(ff) ® W) 



□ 



Proposition 1A. For a generic sheaf V of fixed determinant and determinant of Fourier- 
Mukai 

det V = 0(da + mf), det V = 0(-ma - df) 

we have 

RS\V) = I%®G x ((a X + bm)f), 
for a subscheme Z of length d v with a(Z) = 0. 

Proof. In the proof of this Proposition, it will be important to distinguish between the 
two copies of X which are the source and the target of the Fourier-Mukai transform, 
because of the asymmetry present in the bundle U. We will write X\ and Xi for two 
copies of X, respectively. 

By Grothendieck duality, to prove that 

RS\V)=I z / ®O x ((a X + bm)f), 

it suffices to show that 

**Ux a (0 = Iz ® 0(-(a X + M/)[-l], 

where \t is the Fourier-Mukai transform with kernel U v . Using [B], Lemma 6.4, we know 
that V v is WIT\ with respect to ^, since the restriction to the general fiber is stable, 
of slope —d/r < b/a. Note that ^(V" v )[l] has rank 

~x{V V \Fxy ® U v \ Fxy ) = ad + br = 1. 

Section 7 of [B], or Sections 3 and 5 in |BHj . show that for generic V, the 'I'-transform is 
torsion-free, hence it must be of the form Iz<S>L[—l] for some line bundle L. Bridgeland's 
argument moreover shows that the subscheme Z has length d v . 
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The fiber degree of \I/(V V ) equals 

ci(R^«y| f v ®W V )) = 7r 2 *«(r - duj){a - c t {U) + ch 2 (U))) (2) = 0, 

where Lemmas [2] and [3] are used to express the numerical invariants of U. In fact more 
is true. Since the restriction of V to a generic fiber is stable, it must equal the Atiyah 
bundle E,.^. This implies that the restriction of L to a generic fiber must coincide with 
\I/(E r d)[l] which is trivial. Therefore, L must be a sheaf of the form tr^M^ , where M is 
a degree —j3 line bundle over B. We prove 

(3 = —ax — bm. 

To this end, we calculate the Euler characteristic of ^f(V v (a)) as 

= [ 7rj3(r-(da + m/) + xw)-7rj2(a-ci(W)+ch 2 (W))-7r^(l + (7) 

JFxFxB 
= bm + ax — X r + m d- 

On the other hand, 

X(lz <8> £(<r)) =P-d v = fi- {dm - r X ) 

hence (3 = —ax — bm. 

When the determinant and determinant of Fourier-Mukai of V are fixed, we show 
that a(Z) = 0. First, we analyze the requirement the determinant be fixed. The inverse 
of is given by $ x Jij x , *he Fourier-Mukai whose kernel is W v [l], considered as a 
transform from X 2 — > X\. Hence, 

has fixed determinant 0(da + mf). In order to make the computations more explicit, 
we write 

M = Ob(-(/3 + 1)[ob] + M). 

for some fi € B. We have 

dety v = det$" V (L v )(g)detR7r 1 3 ! « 2 Z/ / ® n 2Z O y z ) y 

= det d>" V (L v ) ® (g)det (W v | FX2j? B 0, s [2]) V 

= det^ V (L v )^ eZ (0 F KC? B (-aM)) 

= det $" V (L V ) <g> (C7 F B Os(-(a4 - l)[o B ] - [a ■ a B (Z)})) 

(11) = 0{-da -mf)®^0 B {-[a-a B {Z) + r^] + [o B ]). 
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This gives 

a ■ clb{Z) + r/x = o B . 
In equation (|lip . we used the calculation 

det (L v ) = det Rpi 3! {p\ 2 U y ® = det (RpvU v m M) = det Rpu (W v ) K M" r 

= B (-<M H B ((r/3 + l)[o fl ] - M), 
where by Lemma 3, the pushforward of W v has rank — r and degree —d. Equation (jlip 
also makes use of the identity 

r/3 — ad v = —m. 

We analyze the requirement that the determinant of the Fourier-Mukai be fixed. We 
know that 

R5(y) = R5o^W Xi (L v ®/|). 

This composition can be re-expressed as a Fourier-Mukai whose kernel equals the con- 
volution of the following two kernels: £/ v [l] for <E>, and 

V = V F x V B 

for US. The tilde sign indicates that the kernel W v [l] is considered in the opposite 
direction for $ than it is for This is the same as applying to U — > F x Fthe involution 
that exchanges the factors. The new kernel can be expressed as 

B.p 13 ^p* 12 U v [l] ®p&P) = R^i3^« 2 W v ® n^V F )[l) ®v b = vmv b 

where 

V -> F x F, V = R7r 13 ,(vr^ v ® 7r£ 3 P F )[l] 
is the fiberwise Fourier-Mukai image of U y up to a shift. The complex V has rank b, and 
a Riemann-Roch calculation shows that 

Cl (V) = d[o B x F] + a[F x o F ] + a(7> F )- 

The pushforward R(p^)*(V) has rank d and determinant — rfo^r]. This will be used 
below. Fiberwise, note that 

detV v | 2FX F = detRp 2l (p* 1 U\ y ZFxF (g)V F ) = -[z F ] - (a - l)[o F }. 

Now, we calculate 

detRcS(F) = detR*>2*(VH%®P*(-& v ®-$)) 

= detRp 2 *(V Kl V B ^>p\L y ) ® detRp 2 *(V SPjj ®^O z [2]) v . 
The first determinant is constant 

det Rp 2 ,(V S? B ® ^L v ) = det (R(pf )*(V) H R(pf )*(7> B ® (pf )*M)) 
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= (detR(^),(V)) _/3 m B {-[-ix\) d = F {rp[o F \) ® B (-d[-»]). 
The second determinant needs to be fixed, and it equals 

(g) det V V \ ZFXF m O b (-[z b ] + [o B ]) b = (g) O f (-[z f ] - (a - l)[o F \) ® O b (-[z b ] + [o B ]) b 
= F (-[a F (Z)} - (ad v - l)[o F )) m B (-[b ■ a B (Z)) + [o B ]). 

Therefore 

detRS(V) = (D(-mf - da) ® Op(-[a F (Z)] + [o F ]) El B (-[b ■ a B (Z) - dfi] + [o B ]). 
Since 

detR5(y) = 0(-mf - da), 

this immediately yields 

a F (Z) = o F and b ■ a B (Z) — dfi = o B . 
Combining these two equations with 

a ■ a B (Z) +rji = o B 

shown aprove, and the fact that ad + br = 1, we obtain a B (Z) = and /i = 0. Thus 

a(Z)=0, L = 0((a X + b m )f). 

This completes the proof. □ 

Proof of Theorem {J\ In the course of the proof, we showed that for a generic sheaf V of 
rank r and determinant 

detV = 0(da + mf), 
the Fourier-Mukai transform takes the form 

RSi(V) = lV(( ax + bm)f)®n Bf i, 
for some /i 6 B = B such that 

a ■ a B (Z) + r/x = o B . 

The assignment 

V -> (Z,ba B {Z) - dfi) 

gives the birational isomorphism 



claimed by Theorem [TJ 
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Remark 2. In a similar fashion we could find the birational type of the moduli space 
OR". However, it is not necessary to repeat the argument above to deal with this new 
case. We could instead make use of the map 

*~ : K v X X -> OK-, (E, y) ^ t^^E ® y* 
and use Lemma 1A to calculate 

Rtf y)) = HS^t* (dyB>myF) E ® y*) = t: xyF RS\tl dym) E) ® H y r /) 

= < X y F (t* dyB+bmyF RSHE) ® y~ dm ) ® (y* H yj) 
= t% B+[ax+bm)yF (ma X + 6m)/)) ® (v X B ® VF dv ) 
= i£_ ((a X + 6m)/) ® (aX+Md H ^) 

where Z" = t* dyB+(ax+bm)yF Z. Thus, the assignment 

y ^ (Z-,-d v y) 

gives a birational isomorphism 

art" — » X" = {(Z~,z) : a(Z-) = /(*)} X^ x X 
where the isogeny / : X — > X is given by 

f(z) = (dz B , (ax + bm)z F ). 
In the case of fiber degree 1, this specializes to the subvariety 

X- = {(Z~,z F ) : a F (Z~) = X z F } ^ X^ x F 

of Section [2j 

3.2. Higher genus. Assume now (C,o) is a pointed smooth curve of genus g > 1, and 
F is still an elliptic curve. We set g = g — 1. Consider the product surface 

X = C x F -> C. 

Let SDT+ be the moduli space of sheaves over A of rank r and determinant 0(<t + mf), 
where a is the zero section and / denotes the fiber over o. We describe the birational 
type of 0t+, in codimension 1 for r ^ 2, using the Fourier-Mukai transform with kernel 
the Poincare bundle 

ir* FxF V F -> F x F x C. 

The proof is entirely similar to that of Proposition 1A, so we content here to only record 
the result. 
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Let 

a c : X^ -> 

be the map induced by the projection X — > C. Thus, each scheme Z of length d v in X 
yields a divisor ac(Z) of degree d v over the curve C. The line bundle 

M z = O c (a c (Z) - d v ■ o) 

has degree 0, and therefore admits roots of order r. We define 

£+ = {(Z,c) : c r = Mz} ^ I 141 x Pic°(C7). 

Then, for V E we have 

RSHV) = I y z {-ra + ( X + g)f) ® c~\ 

establishing the birational isomorphism 

971+ — 

The same statement holds in any fiber degree coprime to the rank, but we will not detail 
this fact. 

4. The strange duality isomorphism 

We now proceed to prove Theorems [2j E] and 2A stated in the introduction. Through- 
out this section, we place ourselves in the context when the fiber degree is 1. 

4.1. Reformulation. Let X = B x F be a product abelian surface. As a consequence 
of Section [2j under the birational map 

induced by the relative Fourier-Mukai transform, the standard theta divisor 

6+^ = {(V, W) with h\V <g> W) ^ 0} C DJI+ x 
is identified with a divisor 

@ CZ 3^ x . 

Note that for sheaves (V, W) G 9Jt+ x corresponding to pairs 

(Z+,z B ) £l„ + and (T + ,t B )eI+ 
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we have 

H^VQW) = Ebct 1 (W v ,V) = Ert 1 (R5t(W v ) I R5+(V r )) 

= Ext 1 (/^( SC j - x7)[-l] ® t B Jl+ ® 0(-r(7 + x/) ® 

= Ext 1 ^ ® 0(-ra + x/) ® z B \l~ + (sa - x7)[-l] ® *b) V 

= H°(I Z+ ®I~ + ®z B ®t B ® 0((r + s)a - ( X + x')/)) V - 

(The notation above has the obvious meaning: r, s are the ranks of v and w, while x-> x' 
are their Euler characteristics.) Thus, the theta divisor @£ w in the product 9Jt+ x 9Jt+ 
corresponds to the divisor 

G+ = {{Z+,z B ,T + ,t B ) : h°(I z+ ®z B ®t B ®L) / 0} 

in the product x 3E+. Here, we set 

(12) L = 0((r + s)a - ( X + x')/) on X. 

In consequence, strange duality is demonstrated if we show that the divisor + induces 
an isomorphism 

d+ : h° {x+,e w ) y — >• f° (s+ e„) . 

4.2. Theta bundles. Since for r / 2 the birational isomorphism — - > is defined 
away from codimension 2, we are interested in an explicit description of the determinant 
line bundle 

ft — s> T + 

For a line bundle L on 1, we standardly let 

L [d " ] = det Rp* (Oz ® q*L) on X [dv] . 
We also note the natural projections 

C,:3E+ -►XW, {Z + ,z B )^Z + 

and 

vr 2 :X+^ J B, (Z+,z B )^z B . 
The theta bundle is calculated by the following result: 

Proposition 2. We have 

e w = clL^®Tr*0 B ((s-r)o B ), 

with L given by (|12|) . 
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Proof. We give one proof of the proposition here; another one is essentially contained in 
Section 4.4. We begin by noting the degree d\ etale morphism 

q v : x X = xBxF^X+, (Z,x) {t* XB+Xp Z, -d v x B ) 

It is related to the standard less twisted map 

a v : x X -> #1, /^(Z, s) = t* x Z 

via the commutative diagram 

K\M xBx F Q - ^ £+ 

(l,r, 1) c„ 

x 5 x ^ — ^w, 

Using the diagram, we calculate 

^ = (1, r, = (1, r, 1)* (l W H = H ((r, , 

and further, 

(r, = (r, 1)*0 ((r + *)<t - ( X + X ')/) = O ((r + s)a - r 2 ( X + • 

If 

TTs : K [dv] xBxF -> 5 
is the projection to -B, from the definitions we also have 12 ° 9« = — d„ hence 
^(^((s - r)o B ) = tt b Ob ((a - r)d*o B ) • 

Putting the previous three equations together we find 
(13) 

q* (c*L^ ® 40 B (( S - r)o B )) = B O ((r + «)a + ((s - r)d v - r\ X + x'))/)^ • 

On the other hand, Proposition 2 of [MO 2] (written in holomorphic if -theory, as in [O] ) 
gives 

(14) q* Q w = L^l M O ((r + s)cr + (rn + sra)/)* . 

The two pullbacks (1 1 31) and (I14p are seen equal on as one shows that 

rn + sm = (s — r)d v — r 2 (x + x')- 
This uses the numerical identity 

m + n = — r X ' — s X 

which expresses strange duality orthogonality x( v • w) = 0, also remembering that d v = 
m — r%- 
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Now, consider 

Q = Q W ® (c*L^Y ® ir B (D B ((r - s)o B ). 
We showed that q*Q is trivial. Note the morphism 

p v : -> X, (Z, x B ) -> {a F (Z), x B ) 

with fibers isomorphic to i^^l. In fact, each fiber 

t : ^ 3E+ 

factors through the morphism 

q v : xl4l+ 

Indeed, i = q v o j, where j : p~ 1 (x) — >■ if I'M x X is the map 

j(Z) = (t*_ ryg _ yF Z,y), 

for any choice of y € X such that d v y = —x. Therefore, the above argument implies 
that the restriction of Q to each fiber p„ (x) is trivial. Hence, 

Q = P* V N, 

for some line bundle N over X. 

We now argue that N is trivial, by constructing a suitable test family. Consider Zq a 
subscheme of length d v — 1 supported at 0, and define 

a:X — x ^ (Z + (rx B ,xp),x B ). 

The map a is defined away from the r 2 points in B[r] xof- It suffices to show N is trivial 
along this open set. Pulling back the equality 

p*N = e w ® (c:L^]) V ®7r£0 B ((r - s)o B ) 

under a, and noting a o p v = 1, it suffices to prove that 

(15) a*e w =-c*L^®n B B ((s-r)o B ) 

where 

c v = c v o a : X — * X^ is given by c v (x) = Zq + (rx B , xp). 
We calculate the right hand side. The universal family 

Z C X [dv] x X 

becomes under pullback by c v the family Zq + A r = A r , where A r C X x X is the r-fold 
diagonal 

A r = (rx B ,x F ,x B ,x F ). 
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Then, 

c*L [dv] = c*defRpi(O z ®q*L) = det Rpi (0 Ar <g> q*L) = (r B ,l F )*L 

hence 

c* v L^ =0((r + s)a-r 2 ( X + X ')f). 
For the left hand side, fix (T, c) in 3t+, where c G B = B, so that 

ob(T) = sc. 

We have 

6™ = detKpi(I z ®V B ® q*(L®c® 
where V B is the Poincare bundle over B x B. Write 

M = L®c®If 

so that 

M = M B ®M F -Y J Ot B x-t F 
teT 

for 

M B = c® O b (-(x + x')o B ), M f = 0{(r + s)o F ). 
Since the universal family pulls back to a* Z = A r , we have that 

a*I z = 0-0 Ar . 

Therefore, 

a*Q w = defRpi(V B ® q*(M B K M f )) v <g> detRpi(e> Ar g*(M B El Mf)) 

® teT (det Rp, (P B ® g*O tfl x _ tF ) <g> det Rpi (C Ar ® T'b ® g*C ii3 x -t F ) v ) ■ 
We calculate the first term 

det Kpi(V B ® q*(M B M M F )) V = det(Rp B \(V B ® q B M B ) B H'(M F ) ® C F ) V 

= det(Rp B! (7>B ® (/ B M B ))-( r+s ) B Of = (c ® C B (-OB))~ (r+s) H Of- 
The second term becomes 

det Kp\{0 Ar ®V B ® q*(M B H Mf)) = det(RpB!(0AS ® ^b ® g^Afe) E m f) 
where is the image of 

j : B -> Af , x B ->■ (rx B ,x B )- 

We calculate 

RpbKCab ® (^B ® 9b m b)) = ® t*Mb = B (-2ro B ) ® r*M B . 



28 ALINA MARIAN AND DRAGOS OPREA 

Therefore, the second term equals 

c r ® B {-2ro B - r 2 ( X + X>b) B F ((r + s)o F ). 
The third term now equals 

detRpiCPs (/*O tsX _t F ) = P ts IE] O f , 
hence the tensor product over all t 6 T yields 

v aB{w) mo F = c s mo F . 

Finally, the fourth term is easily seen to be trivial 

detRp,(0A r ®V B ®q*O tBX - tF ) = O x . 

Equation (|15p follows putting all the terms together. This concludes the proof of Propo- 
sition [2j □ 

4.2.1. Fixed determinant of Fourier- Mukai. The discussion for the moduli space of sheaves 
with fixed determinant of their Fourier- Mukai is entirely parallel. We identify the theta 
divisor 

Q vw C Wl v x 9Jt w 

with the divisor 

6" = {(Z~,z F ,T~,t F ) : h°(I z - ®I f _ <g> Zp 1 ® t F <g> L) / 0} <-> X~ x £~, 
where as before 

£ = 0(-(x + xO/ + + 
For r, s > 3, the birational isomorphisms are defined in codimension 1, and we have 

e w = {c-fL^ ® tt f O f ((x - x')o F ), 

where 

c- : X- -> 

is the forgetful morphism. 

4.3. Equal ranks and the proof of strange duality. We now consider the case 
r = s > 3, when we simply have 

@ w = c k v L^\ e v = c*,L^. 

Furthermore, tensor product gives a rational map defined away from codimension 2 

r + : £+ x £+ --4- £ + (I z , z b Jt, t B ) i-> (iz ® if, -2B ® is). 
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Here 

£+ = {(U,u B ) : a B (U) = ru B ] C X^ +d ^ x B. 
In other words, 3L + is the fiber product 

j£+ %_ x[d v +d w ] 

B — 9- B 

where c and TT2 are the natural projection maps, 

c(U,u B ) = U, tt 2 (U,u b ) = u B . 

The divisor 

e+ ^ x+ x x+ 

is the pullback under r + of the divisor 

6 + = {(U, u B ) ■ h°(Iu ®u B ®L)^ 0}, 

with corresponding line bundle 

0(9 + ) ~ c *L [ ^ +d ™ ] on £+. 

To identify the space of sections H° (X + , O(0 + )), we let B[r] denote the group of 
r-torsion points on B, and fix an isomorphism 

r*£> ^ ®reB[r] T. 

Then 

H° (£+, O (9+)) = H°(X+, C *L^+^1) = gOp^-W^ L^ +d ^ ® (c)*0) = 

r€B[r] rS-B[r] 

Under the isomorphism above, the divisor 9 + corresponds up to a C*-scaling ambiguity 
to a tuple of sections, 

The space of sections of (L <g> T )[ rf "+ d »] x^ dv+dw ^ can be identified with 

A dv+dw H°(L0T), 

which is one dimensional since h°(L ® T ) = x(£ ® t) = d v + d w . Furthermore, any 
non-zero section vanishes along the divisor 

®l®t = {Iu- h Q {Iu®L®T)^Q}. 

We have the important 
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Proposition 3. For each r, s T is not the trivial section, hence it vanishes along &l®t- 

The proposition completes the proof of Theorem [2j Indeed, as explained in [MQ1| . each 
of the sections s T induces an isomorphism between spaces of sections 

s T : H°(XV°, (L®t)^) v -> ff°(lW,(L®r) [41 ). 

r£B[r] TEB[r] T<=B[r] 

Since we argued that the strange duality map coincides with © TgB [ r ] s T , Theorem [2] 
follows. % 

The proof of Theorem [3] is identical. □ 

Proof of the Proposition. This is easily seen by restriction to Xp v+dw \ the fiber over 
zero of the addition map 

a B : X^ dv+d ^ -> B. 

Letting X F be the fiber product 

if J 

F F ' 



we have a commutative diagram 

H°{X + , 6+) »- © TeB [r] H°(X^ +d ™\ (L ® T )^ +d ^) , 



H°(X F , 6+) © reB[r] H°(Xp v+dw \ (L ® r )^+^l) 

where the horizontal maps are isomorphisms and the vertical maps are restrictions of 
sections. The bottom isomorphism is particularly easy to understand since 

£+ ~ x [dv+dw] x B[r]. 

Let 6p be the restriction of 9 + to 3Cp. Further restricting 9p to x F v+dw ^ x {r} we obtain 
the divisor @l®t- We claim that each of the divisors Ol®t restricts nontrivially to 
X^ dv+dw \ This implies in turn that s T is not the trivial section for any r. The following 
lemma proves the claim above when r = O; the arguments are identical for r ^ O. □ 



^Here, we assumed the determinant is 0[a + mf) where / denotes the fiber over zero. If the deter- 
minant involves the fiber over a different point the same argument applies with the obvious changes in 
the definition of L. 
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Lemma 4. Consider the line bundle L k , n = 0{ka + nf) on X = B x F, and assume 
that k > 2, n > 1. Then for a generic Iz G xj^ n ', we /iawe 

ff°(Iz®iM) = 0. 

Proof. We argue by induction on n. For n = 1, as established before, all sections of L 
vanish along divisors of the form 

k 

\_\ (B x yj) U /, for yH + y k = o F . 

-i=i 

A zero dimensional subscheme Iz in X F consisting of distinct points Zi = (xi,yi) G 
B x F, 1 < i < k, must satisfy 

X\ H h Xfc = Ob. 

Choose Z so that yi + ■ ■ ■ + y k ^ o F , with j/j ^ j/j for i ^ j, and so that Xi ^ ob for all 
1 < i < k. Then no section of L vanishes at Z. 

To carry out the induction, note the exact sequence on X 

-> -> L fci „ + i -> Of (ko F ) ->■ 0, 

and the associated exact sequence on global sections, 

-> iT°(X, L fc , n ) -4 L fe , n+1 ) 0/(fco F )) -> 0. 

Let G xj^ n ' be so that 

H°(I Z <8> Ljfe, n ) = and Z n (o B x F) = 0. 

Then H l (Iz <8> Lfc, n ) = 0. Choose A; additional points 

2j = {(>B,Vi), l<i<k, so that yi H y k ^o F . 

From the exact sequence on global sections, it follows that no section of L k n +i vanishes 
at 

2u{,,..., 4 }af" +1)l 

Indeed, the exact sequence and the induction hypothesis on Z show that 

H°(X, L M+1 ® I z ) =i H°(F, Op(ko F ) ® Iz) = H (F, Op{ko F )) 

via restriction. But no section of F {ko F ) on the central fiber vanishes at the points 
01, . . . , z k , so no section of L k , n +i vanishes at Z U {zi, ... ,z k }. We conclude that for a 
general J^' G xj^ n+1 ^ , we have 

H o (I z ,®L k>n+1 ) = 0. 

This ends the proof of the lemma. □ 
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4.4. Proof of Theorem 2 A. The strategy of proof is similar to that of Theorem [2j We 
indicate the necessary changes. We write 

det v = 0(o + mj) ® Q~ r , det w = O(o + m w f) <X> Q~ s , 

for line bundles Q v ,Qw of degree over C. We recall the birational isomorphism in 
Remark 13.11 



9Jt+ — > 3E+ = {(Z,zc) : z£ = .Mz} C #1 x Pic°(C) 

where we set 

= Oc(ac(^) - 4 • o). 

This was noted when Q v is trivial in Section \3. 21 but the twist by Q v is an isomorphism 
of moduli spaces, yielding only a modified formula 

TLS\V) = I v z (-ra +( X + g)f) ® z^ 1 ® Q" 1 . 

There is a similar birational isomorphism 931+ —■* 
The divisor 0+^ C x is identified with 

CZ X,. x X^ 

where 

0+ = {(Z, T, zc,t c ) ■■ h°{I z ®I T ®zc®t c ®L)^ 0}, 
for the line bundle 

L = 0{{r + s)a - ( Xv + Xw + 2g)f) ®Q => X {L) = d v + d w . 

Here, we wrote 

Q — Qv ® Qw 

which by assumption is a generic line bundle of degree over the curve C. It can be 
seen that L has no higher cohomology if Xv + Xw < — 3g. In turn, when r = s, this is 
equivalent to the requirement 

dv + d w = -2r(xv + Xw + g) > <±rg, 

of the theorem. 

There are a few steps in the proof of Theorem 2A that need modifications from the 
genus 1 case. They are: 

(i) the identification of the theta bundles. We carry this out for r = s only, making 
use of the natural addition map 
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where 

£+ = {(U,u c ) : Mu = u r c } C X^ +d ^ x Pic°(C). 
We have 9+ = (r + )*0+, for 

6+ = {(U, u c ) : h°(Iu ®u c ®L)^ 0}. 
As before, we note the natural projections 

c : X + -> X^ +d ™\ pr : £+ -> Pic°(C). 

We claim that 

0(0+) = c*L [dt,+dt " ] ® pr*T>;, 
where "P Q is the line bundle over Pic°(C) associated to the point 

a = K c {-2g ■ o) <g> Q~ 2 € Pic°(C). 
Pulling back under r + , it follows that 

e w = c*L^ ® pr*^, 0„ = c* pr*^. 
Before proving f 1 1 6 [) . we simplify notations. We write 

£ = x(£) = dv + 

Over the Jacobian 

A = Pic°(C), 

we fix a principal polarization, for instance 

@ = {yeA:h (y®O c (g-o))^0}. 
The standardly normalized Poincare bundle 

V ^ Ax A 

takes the form 

P = ra*e- 1 ®(8 8 6). 

This differs up to a sign from the usual conventions, but it is compatible with 
our conventions on the Abel-Jacobi embedding 

C -> A, x -> - o), 

in the sense that that "P|axo restricts to a over C. For degree I, we consider the 
Abel-Jacobi map 

ir:C {e) ->A, D^O(D-i-o), 
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and set 

pg) = (vr, 1)*V -> x A. 
The bundle satisfies 

P W lcWx{y} = y W > P%[o]xA is trivial overA 
When £ = 1, "P^ 1 ** is the Poincare bundle 

Vc^CxA 

normalized over o. 

With these notations out of the way, we first consider O(0 + ) over the product 
X® x A. We claim that 

0(0+) = c*L^ ® (oc, 1)*P W ® WaM 

for some line bundle M. — V A. This follows from the see-saw theorem. The 
restriction of O{0 + ) to X^ x {uq} is 

(L®«c) M =^ M ®o^«g ) . 

This agrees with the restriction of 

c*LM ® (ac, 

and establishes (|18j) . To identify At, we restrict to {{7} x A, where U is a length 
£ subscheme of X supported over o x of- We obtain 

X = det~Rpi(V c ® ® /f/)) -1 . 
We can rewrite At expressing in /A~-theory 

% = C»-£-O oXOj? . 
Recalling the normalization of Vc over o, and that 

L = {O c {t ■ o) ® Q) ® F {2r ■ o F ), 
for t = —(Xv + Xw + 2g), we obtain 

At = detRpi(7> c ® g*^)- 1 = detRp,(P c ® ■ o) ® Q))~ 2r 

= det Rp.(P c ® 9*(Oc(5 ' o) ® Q))" 2r = © 2r ® ^-Q- 

Therefore 

0(6+) = c*LW ® (oc, 1)* o (tt, ® pr^(9 ® P_ Q ) 2r . 
Over X + ^ X" x v4, we have the following commutative diagram 
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x+ jfioty) x A 



(r.l) 



(w,U 



A — -^4x A 
so that 

(tt, 1) o (ac,l) = (r, 1) opr^. 

Hence, we obtain 

0(0+) = c^^pr^l^^e 2 ^^) 

= c*L® <8> pr^(r*9 <g> 9 <g> (r + lfe -1 <g> 9 2r ® 7%) 
= c*LW <g> pr ^(G ® (-l)^G- 1 ® 7^ Q ) r = c*LM WaK, 

as claimed. 

(ii) Next, we identify the space of sections H°(X + , O{0 + )) using the cartesian dia- 
gram 

£+ — D -+ , 

/ 



.4 



.4 



where / = ir o a>c- We have 

tf°(£ + ,e>(0 + )) = H°(X + ,c*lW ®pr A V r a ) = H°(XW,L® ® c*pr^) 
= 0^(jMiM 8 f(p a ® r )) 

rGA[r] 

= ffO(JTM,LM®oMa®r)) 

rGA[r] 

= ff°(xM,(L®a®r)M). 

rGA[r] 

Similar expressions hold over each of the factors and 
(iii) Finally, we need a suitable analogue of Lemma HI This concerns subschemes Z 
in X, belonging to 

Xp} = {Z : ac(Z) is rationally equivalent to i • o}. 

We show that if 

L k>n = 0(ka + nf) 
for k > 2g, n > g, then for all r-torsion line bundles r over C, we have 

ff°(it,„8a®r®/ z ) = 
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provided Z is generic in Xp" y >\ and Q, which appears in the definition of a 
in ()17p . is generic over C. This is then applied to the line bundle L appearing in 
the expression of the theta bundles above. 

We induct on n, starting with the base case n = g. Just as in genus 1, for 
generic Q, the sections of L^^ ® a <8> r vanish along divisors of the form 
k 

_\(Cx yi )Uf Pl + ...+f Pg , for 2/1 H \-Vk = of, 

i=l 

and some p\,...,p g (zC. Indeed, it suffices to explain that 

h°(O c (g ■ o) <g> a ® r) = 1, 

the unique section vanishing at g points pi(o), . . . ,p g (o), which depend on o. 
Equivalently, recalling the definition of a in (|17p . and using Riemann-Roch and 
Serre-duality, we prove that 

h ^- 1 ®O c ({g-2)-o)®Q 2 ) = 0. 

As the Euler characteristic of the above line bundle is —1, the space of sections 
vanishes for generic Q of degree 0. 

To complete the proof of the base case, fix a generic Q as above. It suffices to 
explain that for all k > 2g, we can find x%, . . . , 6 C such that 

x\ + . . . + Xfc = k ■ o, X{ ^ pj for all i, j. 

Choosing a section from the non-empty set 

H°(O c (k -o))-(j H°(O c (k ■ o - Pj )) - H\O c ({k - 1) • o)), 

we let x\, . . . , Xk be its zeros. This ends the argument for the base case. 

The inductive step does not require any changes from the original Lemma [H 

The proof of Theorem 2A is now completed. □ 
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